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Doubly Linked List

* In adoubly linked list, each node/element x stores:
* key: key value of the node
* prev.  pointer to the previous node
* next: pointer to the next node

* A pointer can be set to:
* The memory address of another node in Node type, OR
* NIL value ( shown as ‘/’ in examples)

class Node {

int key;
prev key next Node* prev;

Nodex |/|9]/ Node* next; 3




Doubly Linked List L

L 1s a chain of nodes

* head is the first node in the linked list
* L.head points to the head

* First node: prev = NIL; Last node: next = NIL

 Consecutive nodes x & y should satisfy:
Xx.next=y and y.prev=x

L.head

prev key next
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Doubly Linked List L

Search key k in doubly linked list L
search (L, k)

1. x € L.head
2. while x # NIL and x.key = k

3. X € X.next
4. return X
L.head } / | 9 | —:)
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Doubly Linked List L

&

 Insert node x with key k to the front of the linked list L

prev key next

/134
HEY

Prepend-insert (L, X )

1. X.prev € NIL

2. x.next € L.head
3.ifL.head #NIL

4. L.head.prev & x

L.head >< ,

5. L.head € x
prev key next
—L 16|71 |4 == |1/ ¢
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Doubly Linked List L

* Insert node x after y in the linked list L

L.head

prev key next

/9]

Insert (L, X, Y)

1. X.prev & vy

2. X.next € y.next
3. 1fy.next # NIL

4. y.next.prev & X
5. y.next € X

x 413 L
7 N\
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Doubly Linked List L

e Delete node x from L Delete (L, x)

e Assume x exists in L 1. 1f x.prev=NIL
* (If we want to remove a node with key Kk, 2. x.prev.next & next

we need to search it first)
3. else L.head < x.next
4. 1f Xx.next=NIL

5. X.next.prev € x.prev

bhead [ /19| Jet 16Tk [4] 2t [1]/] ¢




Doubly Linked List L

Delete node x from L

« Assume x exists in L
* (If wewantto remove a node with key Kk, 2. x.prev.next € x.next
we need to search it first)

L.head

Delete (L, x)
1. 1f x.prev = NIL

3. else L.head € x.next
4. 1f x.next #NIL

5. X.next.prev € x.prev
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(Singly) Linked List

* Inasingly linked list, each node stores key, next

Only class Node {
* Require less space © int key;
 More complicated algorithm for deletion & Node* next:

L.head—>9|——>]_6|————>4|——>]_|/ 10
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Manage a dynamic set of key values

« Search and Delete and Insert

« Search In an unsorted array of size n
* O(n)

« Search In a sorted array of size n
* O(log n)

» Can we have constant time search O(1)?

12



Direct-address tables (A naive way)

Universe U= {0,...,.M-1}

- E.g., U=/{0,....9}

* Any dynamic set K from the universe contains keys only from 0 to M-1
* In other words, you know all possible keys in advance

In a dynamic set K, how to quickly locate a key in O(1)?
 Create an array (table) T of size |U|=M, and use the index to be key

0 1 2 3 456 7 8 9
@ T |/ |/ / [ |/ /

13



Direct-address tables (A naive way)

«  Search(T, k): T[K] Downside of direct addressing:

1. Universe U is large or infinite, and it is
large space to store T, O(|U|).

2. Kisusually much smaller U: |K| «< |U]

«  All in worst-case running time O(1)

-> A waste of space.

0 1 2 3 456 7 8 9
@ T |/ |/ / [ |/ /

14
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Hash Tables Q’&b

*  When K is much smaller than U of all possible keys,

a hash table

« Supports fast search (average-case running time 0(1)),
while using small space

16



Hash Tables

* Inahashtable T[0O,m — 1]

It has m positions (slots, buckets)

* Akey k’s position (slot, bucket) in T is obtained by a hash function h: U — {0, ..., m — 1}
«  Anexample of hash function: h(k) =k mod m

* When m=5, what are the possible values of h(k)?

* E.g., h(293) =293 mod 5 =3

» Convert a key (of a large range in U) to a hash value (of a small range)

0
1:1756
RN e 2
Ay BT 3:]293
| 293~} >3 ; 4:1819
. mmofmmmmmmmmm o A A .
156 S hash table T with hash

keys hash values function h(k)=k mod 5



Hash Tables Q@b

There are many
_ o different hash
* Given k=293, how to search it in hash table T?  functions. We just use

- Compute its backet (hash value) h(293)=3 k'mod m as an example
. T[h(293)]=T[3]
 Given k=757, how to search it in hash table T?

* h(k) =k mod m, where m=5

* h(757)=2 0

* T[2] is empty, meaning nonexistence of 757 in T 1:]1756
2

3:]293

4 :1819

hash table T with ha§h
function h(k)=k mod 5



Hash Tables

Hash Table with hash function h(k) = k mod 5
What will happen if different keys have the same

hash value h(k)?
» Collision
0
1
T 2
Jop 998 e--i 4 3:12937??|
U I S E * |
x 293 T TIIIIE- - 4
308 -->77 1

S ="
Sm_—--"

keys hash values hash table T

19



Reduce Collisions in Hash Tables

Hash Table with hash function h(k) = k mod m
* If m < |U]|, collision is inevitable

There are ways to reduce collisions
« Chaining: use a linked list at each entry T[K]

0
1
ST 2
Uy P T /4 3:]293 77|
R =t SR 4
308 -~ 1

S~ =--
e

keys hash values hash table T

20
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Hash Table with Chaining

e An

It

o ———

array of m buckets

can also be singly

~

-
208 819-3----- s 34
203 j_____::Z:::'===-) 3
756 " ATTTTTTTT TS 2 1
keys hash values

Hash function h(k) =k mod m, e.g., m=5

Each bucket is a doubly linked list of keys

The linked list in bucket h(k) contains the collided keys

>/ 756 |1
S/ 1308 | &L | 293
2|/ (14 | T&L | 819
hash table T
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Hash Table with Chaining

«  Hash function h(k) =k mod 5
« SearchkinT

« Compute h(k)

« Search in the linked list at the bucket h(k)
- Search 853

* h(853)=3

« Search the linked list at bucket 3

 Key not found

_____ 0
14'__:;\‘\ ————————————— 1
819-+------—T: <34 D)

308 7T aTioiiizidiaan 3 2
203 = 3

756 74" 21 4

_____

S _—_——

keys hash values

>/ 756 |1
S/ 1308 | &L | 293
2|/ (14 | T&L | 819
hash table T

23



Hash Table with Chaining

«  Hash function h(k) = k mod 5

 InsertkinT
«  Compute h(k)
» (Prepend) Insert key k into the linked list at the bucket h(k)

Assume k does not exist in T yet
Without this assumption, you need to search if it exists first

. Insert 851
« h(851)=1
* Insert 851 to the linked list at bucket 1
0 0
117|756 |/ 1/ |851 | T
2
3|/ [308 | ] S|/ (308 |
A4 l1a | 2L | 819 |/ >/ (14 | T2L |819 |/
Before: hash table T After: hash table T 24
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Hash Table with Chaining

«  Hash function h(k) =k mod 5

* DeletekinT
« Compute h(k)

« Search and delete key k from the linked list at the bucket h(k)

*  Delete 293

* h(293)=3

* In the linked list at bucket 3, search and delete the node with key 293
0
1>/ 851 | T&- | 756
2
3>/ 308 | T &L | 293
A 114 | TL | 819

hash table T

25



* There are n key values, and m buckets in the hash table
* Worst case:

- all keys in one bucket (a terrible hash function)
 Search O(n)

* Delete O(n)
* Insertion O(1) (Just prepend to the linked list)

>/ 851 | &L 756 |/ /1308 | &L 293 |/ /14 | T

819

FNIRYINYANC

hash table T with hash function A(k)=k/1000] + 1

26




Hash Table with Chaining: Running time

There are n key values, and m buckets in the hash table

Average case:
all n keys evenly distributed in m buckets

* Load factor a« = n/m

* a can be smaller than 1
Search O(1+ a)
Delete O(1+ a)
Insertion O(1) (just prepend to the linked list)

0

1|/ | 851 2L | 756
2

3>/ 308 | T &L | 293
4|14 L | 819

hash tabl

@D




Hash Tables

* Hashing is an important technigue in advanced

algorithm design
« We only introduce its brief ideas

How to design hash functions
How to resolve collisions
How to analyze the performance

28
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Binary Tree Applications

* Binary tree
« A multi-level data structure
* Manage a set S of values
- E.g., {3,5,8,4,7,6}
* Applications
« Searching: binary search trees
* Binary space partition
 Data compression: Huffman coding
« Compilers: syntax tree

30



Binary Tree

* Anbinary tree T has a root node T.root
 Each node x stores these attributes:

* X.key: key value in the node
* X.left: pointer to left child node
* x.right:  pointer to right child node
* X.p: pointer to the parent node
« Each node has at most 2 children root | f
 X.left = NIL, if x does not have left child;
 x.right = NIL, if x does not have right child /Ifrﬁ/?@ht\




Binary Tree [Questions]

*  Which key Is stored in the root node?
* Find the left child of the node that stores “d”
* Find the right child of the node that stores “b”

* A leaf node does not have any child.
* Which are leaf nodes?

* The left and right subtrees of f root | f
Meft right—__
d b
N e




Binary Tree: C++

* Binary tree

T root class Node {
7 int key;
Node* parent;
Node* left;
Node* right;
}

33
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Binary Tree Walk (Traversal)

certain order

* Types of tree walk:
* Inorder
* Preorder
 Postorder

Tree walk: visit all nodes of the tree based on a

35



Inorder Tree Walk

 Inorder: print a key between printing the key values

In Its left subtree and its right subtree
cadcfeb

Inorder( x )
1. 1f x # NIL

2. Inorder ( x.left ) q h

3. print x.key

4, Inorder( x.right ) ////\\\\ é///
d C

36



Inorder Tree Walk

 Inorder: print a key between printing the key values
In Its left subtree and its right subtree

« 8,9, 13, 15, 18
Inorder( x )
1. 1f x # NIL 15
2. Inorder ( x.left ) 9 18
3. print x.key ///\\\\
4 Inorder ( x.right ) 8 13

37



Preorder Tree Walk

* Preorder: print a key before printing the key values

In Its left subtree and its right subtree
- fdache

Preorder ( x )
1. 1f x # NIL

2. print x.key q h

3. Preorder ( x.left )

4, Preorder( x.right ) ////\\\\ é///
d C

38



Postorder Tree Walk

» Postorder: print a key after printing the key values in

Its left subtree and Iits right subtree
cacdebf

Postorder ( x )
1. 1f x # NIL
Postorder ( x.left )

2.
3. Postorder ( x.right )
. ////\\\\ ////

print x.key

39



Inorder Tree Walk: Time Complexity @(n) Q@b

* Inorder(T.root) visits all n nodes of binary tree T
«  Lower bound running time T(n) = Q(n)
*  We guess that time T(n) = O(n) and then prove if this is correct:
e TN)=THk)+T(n—k—1) +d,
* k is the number of nodes in left subtree, d is a constant cost on executing the function,
exclusive the time spent in recursive calls

[ ]
-
-
o
o
.
W
c
o
n
:l
—
c
=.
o
>

Assume T(i) <(c+d) i+ cforalli<n
Inductive case:
iI=n: Time(n)=T (k)+T (n-k-1)+d
<(c+d)k+c + (c+d)(n-k-1)+c+d
= (c+d)n+c
Base case: We have T(1) = c. True.

Inorder ( x )
1. 1f x # NIL
Inorder ( x.left )

print x.key

= w N

Inorder ( x.rhght )



Tree Walk [Questions]

« How can we find the number of nodes in a tree?

 How do we find the “distance” from the root to each node?

« Height h of a binary tree (a node) is the largest downward
path distance from the root (the node) to any leaf

2 root | f

| eft Tght—__
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Binary Search Tree

Efficiently Maintain and Search a set S of values
« Search

* Minimum/Maximum

* Insert/Delete

 Successor/Predecessor

43



Binary Search Tree (BST)

* Binary search tree is a binary tree with this property:
For any node X in the tree,
for any node a in x’s left subtree, a.key < x.key, and
for any node b in x’s right subtree, x.key < b.key

root | 33
| Height=2 19 56
N /
5 22 47

44



Which are Binary Search Trees?

11

15




Inorder Walk of Binary Search Tree (BST) Q?\‘,b

« The inorder walk of the BST gives the key values of the
nodes In sorted order.

root | 33
| Height=2 19 56
N /
5 22 47

46
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BST Operations

Operation Complexity Meaning
Search O(h) Search a node with a key
Minimum O(h) Find the minimum node
Maximum O(h) Find the maximum node
Predecessor O(h) Find the predecessor node of a node
Successor O(h) Find the successor node of a node
Insert O(h) Insert a key
Delete O(h) Delete a key

but h can be larger than log, n 48




Search q%b

Search ( X, k)

* Find a node with key k 1.if x= NIL or k=xkey
« Return NIL if there is no such node 2. returnx
» Example: Search (T.root, 13) 3.if k <xkey
e Visit the node “15”, g0 left 4, | Search( x.left , k)
5. else

*  Visit the node “9”, go right

* Visit the node “13”, key found! . Searcn(xnight, k)

15
L___\/Vhat are the steps for Search (T.root , 10)7 2 18
______________________________________________________ / \ 49
8 13




Search Qa&b

Search ( X, k)

 Time: O(h), where h is the tree helght’ i, = NiL or k = xkey

° Whyr) 2. return x

» Each call goes down at most 1 level, 311 k<xkey

* there are at most h levels 4. Search(x.left, k)
5. else

6. Search( x.right , k)

15
9 18
/ \ .
8 13




Quiz during next lecture

* 50 minutes

* (Second-half of the lecture)
e Exact time can be found on blackboard

* 5 Questions

* You are allowed to bring 1 A4 paper (both sides) of
reference materials

* You may need a calculator

51



* Thank you!

52
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